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Abstract. 

The Ruppeiner metric as determined by the Hessian of the Gibbs surface provides a 
geometric description of thermodynamic systems in equilibrium. An interesting example is 
a black hole in equilibrium with its own Hawking radiation. In this article, we present results 
from the Ruppeiner study of various black hole families from different gravity theories e.g. 2D 
dilaton gravity, BTZ, general relativity and higher-dimensional Einstein-Maxwell gravity. 



thermodynamicsa 



1. Introduction — Ruppeiner: thermodynamics as geometry 

In 1979 George Ruppeiner proposed a geometrical way of studying thermodynamics of 
equilibrium systems [1]. In his theory certain aspects of thermodynamics and statistical 
mechanics of the system under consideration are encoded in a single geometrical object, i.e. 
the metric describing its thermodynamic state space. The distance on this space is given by 

ds 2 R = g^dX l dX j , (1) 
where gfj is the so-called Ruppeiner metric defined as 

g§ = -d t djS(X), X = (U, N a ); a = 1, 2, . . . , n (2) 

where U is the system's internal energy (which is the mass in black hole thermodynamics), 
S(X) is an entropy function of the thermodynamic system one wishes to consider and N a 
stand for other extensive variables, or — in our application — mechanically conserved charges 
of the system. It was observed by Ruppeiner that in thermodynamic fluctuation theory the 
Riemannian curvatur^l of the Ruppeiner metric measures the complexity of the underlying 

1 Talk given by Narit Pidokrajt at the XXIX Spanish Relativity Meeting (ERE2006) , Palma de Mallorca, Spain 

2 Henceforth we refer to it as the Ruppeiner curvature. 



statistical mechanical model, i.e. it is flat for the ideal gas whereas any curvature singularities 
are a signal of critical behavior. The Ruppeiner theory has been applied to numerous systems 
and yielded significant results, for details see [2]. Mathematically the Ruppeiner geometry is 
one particular type of information geometry. Ruppeiner originally developed his theory in the 
context of thermodynamic fluctuation theory, for systems in canonical ensembles. Most black 
holes have negative specific heats and are described microcanonically. In spite of this we have 
found that the Ruppeiner geometry of black holes is often surprisingly simple and elegant. 
Furthermore some findings are physically suggestive. 

The Ruppeiner geometry is conformally related to the so-called Weinhold geometry [3] as 

9% = Tg^ (3) 

where T is the temperature of the system under consideration. However the Weinhold metric is 
originally defined as the Hessian of the energy (mass) with respect to entropy and other extensive 
parameters, namely 

g™ = d i d j U{S,N a ). (4) 

The Weinhold geometry does not have the same physical meaning as the Ruppeiner geometry 
but we have found it very useful in most of our calculations when the Ruppeiner geometry is 
not easily tractable. 

Most of our presentation has the character of a review, with details of the calculations 
appearing in the cited literature. The results in section 12.11 are new and thus presented in 
somewhat more detail. 

2. Applications to black hole thermodynamics 

The Ruppeiner geometries^] of black hole (BH) thermodynamics have been worked out for a 
number of BH families by several groups of people [4-13]. It is certainly natural to start off with 
the BH solutions in general relativity (4D) as done in [5]. We have found that the geometrical 
pattern is very similar in the higher dimensional spacetimes as well [7]. It is also sensible to 
apply this theory to the BH solutions in lower dimensions such as 2D dilaton gravity [13] as 
well as the BTZ BH [5, 10]. In Ref. [6] the Ruppeiner geometry was used to address the issues 
of stability, divergence of fluctuations and critical phenomena in the BH/black ring system. 
Furthermore, it is attractive to apply this theory to low-energy string BHs (such as the dilaton 
BH in 4D with a unit coupling constant) [11]. We have also been attempting to work out the 
Ruppeiner geometry of the BH solutions in the AdS background where the cosmological constant 
is treated as a parameter of the theory [12]. In this section we briefly show the calculations done 
for some BH solutions, i.e. 2D dilaton gravity, the BTZ BH, Reissner-Nordstrom (RN) and 
Kerr BHs in arbitrary dimension [7] and the 4D Einstein-Maxwell-dilaton BH [11]. Finally, we 
have constructed a mathematical flatness theorem [9] which gives a condition for the Ruppeiner 
geometry to be flat. It applies to many BH families studied so far. 

2.1. 2D dilaton gravity 

We consider here 2D dilaton gravity (for a comprehensive review cf. e.g. [14]), 

hoc = ^J d 2 x^~g (XR + U(X)(VXf - 2V(X, q)) , (5) 

where A is a scalar field (dilaton), U, V are arbitrary functions thereof defining the model and 
R is the Ricci scalar associated with the 2D metric g^ u . The function V additionally depends 



3 Also known as thermodynamic geometries. 



on a parameter q which may be interpreted as charged In this way charged BH solutions can 
be described such as the RN BH. We shall employ the definitions 

Q(X) = [ X U(z)dz, w(X,q) = [ X e Q ( z) V(z,q)dz. (6) 



The quantity w(X, q) is invariant under dilaton dependent conformal transformations. In terms 
of these functions it can be shown that the solution for the line-element in Eddington-Finkelstein 
gauge reads 

ds 2 = 2e Q{x) du (dX - (w(X, q) + M)du) , (7) 
where M is a constant of motion corresponding to the mass. Killing horizons emerge for 

w(X,q) +M = 0. (8) 

The solution of this equation for the outermost horizon is denoted by X = X^. The Hawking- 
Unruh temperature (as derived e.g. from surface gravity [15]) is given by 

T=\w'(X,q)\ x=Xh . (9) 

Prime denotes differentiation with respect to X. The Bekenstein-Hawking entropy (as derived 
e.g. from Wald's Noether charge technique [16]) is given by 

S = X h . (10) 

We are now able to derive the Weinhold and Ruppeiner metrics. Because of (I8l)- (ll0p both metrics 
depend on the conformally invariant function w(X,q) only. So we are free to choose Q = to 
simplify the calculations. Putting together all definitions yields the Weinhold metric 

dsyy = —w"(S, q)dS 2 — 2w'(S, q)dSdq — w(S, q)dq 2 , (11) 

where dot denotes differentiation with respect to q. The Ruppeiner metric follows as 

dsl = wka)\ ds2w • (12) 

The conformal factor between these two metrics never vanishes unless the horizon degenerates. 
We discuss briefly two important classes of examples and refer to [13] for an extensive discussion. 

Reissner- Nordstrom like BHs The family of models (6 ^ — 1 ^ c) 

1 xb+1 _ _B_ +lq2 (13) 



w 



6+1 2(c + l 



is simple and interesting, as it contains the spherically reduced RN BH from D dimensions 
b = —1/(D — 2), as well as charged versions of the Witten BH b = [17] and of the Jackiw- 
Teitelboim model 6 = 1 [18]. With the coordinate redefinition u = qS c+1 the Weinhold metric 
simplifies to diagonal form, 

ds 2 w = {bAS 1 " 1 - + l)Bu 2 S~ c - 3 )dS 2 + -^—S-^du 2 . (14) 
2i c ~\~ 1 



4 Such a dependence on q emerges for instance if one introduces in 2D an abelian Maxwell-term and integrates 
it out exactly. Its only remnant is the conserved U(l) charge q which enters the potential V. 



It is flat for 6 = 0orc = 6 — 2. Similarly, the Ruppeiner metric turns out as 



a J t 



S(AS b + § u 2 S- 
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)dS 2 + 



B 
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■S~ c du 2 



(15) 



The Ruppeiner metric (|15j) is not flat in general. However, if the condition c = —6 — 2 holds, 
then (|15p simplifies considerably, 



dl 2 



du 2 



'+1 



(16) 



The Ruppeiner metric (|16p is flat and has Lorentzian or Euclidean signature, depending on b 
and the sign of u 2 + 2A/B. The particular subclass 
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(17) 



describes the spherically reduced RN BH from D dimensions with b = —1/(7) — 2). It fulfills the 
condition c = —6 — 2, and thus all corresponding Ruppeiner metrics are flat. This agrees with 
the results in section [2T3l below: the line-element (|16p essentially coincides with the line-element 
()30p upon rescaling u and choosing B appropriately. 



Chern-Simons like BHs In some cases, like the Kaluza-Klein reduced gravitational Chern- 
Simons term [19] or the toroidally reduced BTZ BH [20], the charge q does not enter quadratically 
in the potential but only linearly. Therefore, we consider here the class of models defined by 
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We obtain the flail Weinhold metric 

(bAS^ 1 + cBS c - 1 q)dS 2 + 2BS c dSdq . 



dSyy 



and the Ruppeiner metric 



ds\ 



1 



AS b + BqS c 



^(AS b + ^BqS c )dS 2 + 2BS c dSdq 

o 



(18) 



(19) 



(20) 



The Ruppeiner metric (I20p is not flat in general. However, if the condition c = 6 holds, then 
(|20]) simplifies considerably, 

dS 2 „ 2dSdq 



ds 



R 



S 



+ B 



A + Bq 



(21) 



The Ruppeiner metric (|2ip is flat and has Lorentzian signature. 

We conclude this section with a remark on a duality found recently [21]. It connects two 
different models leading to the same classical solutions for the line-element ([7]) and therefore to 
the same surface gravity ([9]), but the respective entropies differ in general. It would be interesting 
to study the behavior of the Weinhold and Ruppeiner metrics under this duality. 



5 The line element (|19p describes a flat (Rindler type) geometry because the coordinate q appears only linearly. 



2.2. BTZ black hole 

The BTZ BH [22] occurs as a solution of 2+1 gravity and a toy model of gravity in 3+1 
dimensions. It is very important for studies in BH physics e.g. it is a counterpart of the Kerr 
BH in 4D. We have found that the BTZ BH has thermodynamic geometries similar to that of the 
RN BH, i.e. it has a flat Ruppeiner geometry and curved Weinhold geometry except that they 
have opposite metric signatures. The pleasant fact about this BH is that all its heat capacities 
are positive, yet it is a bona fide BH. We investigate the thermodynamic geometry [5] of this BH 
by starting with the Weinhold metric as it is simpler, i.e. we start off the with mass function 
given as 

M = S 2 + ^. (22) 



The Weinhold metric for the BTZ BH, 



ds 2 w = \2 + ^ j dS 2 - (JQ dSdJ + (^j dJ 2 , (23) 

is non-flat. Using the conformal relation ([3]) we obtain the Ruppeiner metric, which after 
diagonalization, is given by 

1 ,„o ( S 



where we have used 



ds 2 R = -dS 2 +^ T ^)du 2 , (21! 
u =^ -1<«<1. (25) 



The Ruppeiner metric in (|24p is flat, in other words the space of its thermodynamic states is 
flat. This can be shown to be a wedge of a Euclidean flat space. The Ruppeiner geometry of 
the BTZ BH has also been studied elsewhere [4,10]. Note also that the Euclidean signature of 
the Ruppeiner metric corresponds to all heat capacities being positive. 

In Ref. [10] the BTZ BH in the presence of the Chern-Simons (CS) term [23] was investigated. 
The authors found that Ruppeiner geometry is still flat. The result without the CS term agrees 
with ours. They have also studied the entropy of the BTZ BH with the logarithmic correction 
which gives rise to a nonzero curvature scalar. See Table [T] for a summary on the Ruppeiner 
theory of BHs in lower-dimensional spacetime. 

2.3. Reissner-Nordstrom black hole in arbitrary dimension 

In this section we present the Ruppeiner study of the RN BH in arbitrary spacetime [24] as it is 
a direct generalization of that in 4D. The entropy in terms of the BH's mass and electric charge 
is given by 

D-2 

D-3 



We have learned from our previous work that for the RN BH it is simpler to begin with the 
Weinhold metric, hence we invert the entropy equation and obtain 

Sd=2 D-2 Q 2 

The Weinhold metric of the RN BH in arbitrary dimension can be diagonalized by choosing the 
new coordinate 

/ D-2 Q , . 

^-iw^ik- (28) 



curves of constant S 




Figure 1. The state space of the 4D RN BHs shown as a wedge in a flat Minkowski space. 



The Weinhold metric now becomes 

ds 2 w = (~ ^r 2 3 )2 (l - u 2 )dS 2 + S V) , (29) 

which is a curved Lorentzian metric. The Ruppeiner metric can be obtained by using the 
confer mal relation, thus 

, 2 -1 dS 2 „D-3 du 2 

ia « = —2— + 2S —2—>- (30) 
This is a flat metric. It can be written in Rindler coordinates by using 



V D - 2 D 
The angle a then lies within the following interval 



S . a^2(D-3) 

and u = sm — . (31) 



(D-2)« (C-2), 



2^2(1) - 3) - - 2^/2{D - 3) 
Turning this into Minkowski coordinates (t, x) we obtain 

ds 2 = -dr 2 + T 2 da 2 = -dt 2 + dx 2 , (33) 

where we have used 

t = t cosh a and x = r sinh u. (34) 

The Lorentzian signature of the Ruppeiner metric corresponds to some heat capacities being 
negative. Using the new parameters defined in terms of mass and charge, we can represent the 
entropy of the RN BH in Minkowskian coordinates as follows: 

S=\{D-2){t 2 -x 2 ). (35) 

The Ruppeiner metric can be presented as a Rindler wedge as shown in Fig [TJ Note that curves 
of constant S are segments of hyperbolas and the opening angle of the wedge grows as D — > oo. 
For the RN BH in the AdS background, its Ruppeiner and Weinhold geometries are non-flat. 
However some physical significance can be extracted from the Ruppeiner curvature in that the 
signature of the metric together with its stability properties changes for sufficiently large black 
holes, which is a well-known feature [27]. The Ruppeiner curvature of the RN AdS BH is singular 
in the extremal limit and along the curve where the Ruppeiner metric changes signature. 



2.4- Kerr black hole in arbitrary dimension 

In D dimensions, the mass of the Kerr BH is given by 



M(S,J;D) 



D 



2 D-3 
-5^=2 
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2 \ VP-2) 



S 2 



(36) 



therefore it is possible to compute the Weinhold geometry directly. With the conformal relation, 
we can obtain the Ruppeiner metric which is found to be curved. The Ruppeiner scalar of the 
Kerr BH in arbitrary dimension is given by 



1 - 12 
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D-5 J 2 
D-3S 2 
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D — 5 J 2 
l D-3S 2 



(37) 



In 4D the curvature scalar diverges along the curve 4J 2 = S 2 consistent with the previous 
result [5]. Remarkably, in D > 5 we have a curvature divergence but not in the limit of 
extremality, rather at 



4J 2 



D 



D 



(38) 



This is where Emparan and Myers [26] suggest that the Kerr BH becomes unstable and changes 
its behavior to be like a black membrane. This is also where the temperature of the higher- 
dimensional (D > 6) Kerr BH reaches its minimum. The wedge of the state space of the Kerr 
BH in D > 5 fills the entire null cone, owing to the fact that for such a BH there is no genuine 
extremal limit. Additionally, in D > 5 the Kerr BH can have more than one angular momentum. 
We did study the Ruppeiner geometry of this BH in 5D where the BH can have two angular 
momenta. Both Weinhold and Ruppeiner metrics of the double-spin 5D Kerr BH are non-flat. 

Furthermore, in 5D for some values of the parameters, there exist black ring solutions 
whose entropy is larger than that of the BH studied in this paper. However according to (pp 
nothing special happens to the Gibbs surface of the Kerr BH a la Myers-Perry. Full details on 
the Ruppeiner study of Kerr and Kerr double-spin BHs can be found in Ref. [7]. See Table [3] 
for a summary of the Ruppeiner theory of BHs in higher-dimensional spacetime. 



2.5. Dilaton black hole 

The entropy of the dilaton BH in 4D with arbitrary constant a is given by 



S = M 2 1 + Wl- (1-a 2 ) 



91 

M 2 
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[l + a 2 )Q 2 
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L + Jl -(1-a 2 )^ 
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(39) 



In the case of a = 1 and a few others we are able to compute both the Ruppeiner and Weinhold 
geometries exactly. As anticipated, the state space of this BH changes with o in that the state 
space of the dilaton BH with a > lies on the null cone (where the entropy vanishes). For 
arbitrary a the Ruppeiner geometry is flat as shown by the flatness theorem discussed below. 
The Weinhold geometry of this BH is found to be curved. 



2. 6. The flatness theorem 

In Ref. [9] we have found a sufficient but not necessary condition for the Ruppeiner (Weinhold) 
geometry to be flat for a certain class of BH solutions. The underlying mechanism for the 
flatness has to do with the scale-invariance of the Einstein-Maxwell action. More information 
and a mathematical proof can be found in the reference but in short we can state the theorem 
as follows: 

If the entropy of the BH is given by 

S = M a f(M b Q) (40) 

where M is the BH's mass and Q the conserved charge, the Ruppeiner metric will be a flat 
metric if b = — 1 and a / 1. This theorem can be applied directly to the cases of BTZ, BTZ-CS, 
RN and dilaton BH in 2D and 4D. 

It may be worth noting that the Ruppeiner geometry of the ideal gas is flat for a different 
mathematical reason^. In [29] it was shown that the ideal gas at constant particle number and 
constant volume has flat Ruppeiner and Weinhold geometries. The Ruppeiner geometry in both 
cases have a state space which describes a flat plane. 

We would like to end this section by mentioning the ongoing work in Ref. [12] which is a study 
of the thermodynamic geometries of the BHs in the AdS background where the cosmological 
constant is treated as a parameter of the theory. The flatness (non-flatness) of the Ruppeiner 
(and Weinhold) geometry does appear to be sensitive to the (re)definitior0 of the cosmological 
constant which is a priori unexpected. 

3. More results 

We summarize results obtained from applications of the Ruppeiner theory to BH 
thermodynamics by us [5, 7, 9, 11-13] and others [4, 6, 8, 10] in Tables 1-3. We would like to 
emphasize that especially for state spaces with dimension three or higher it is convenient to 
employ algebra programs such as CLASSI [30] and GRTensor [31]. 



Table 1. Thermodynamic geometry in lower-dimensional spacetime 



BH family 


Ruppeiner geometry 


Weinhold geometry 


(1+1) RN like BH (generic) 


curved 


curved 


(1+1) reduced RN BH (c = -b - 2) 


flat 


curved 


(1+1) CS like BH (generic) 


curved 


flat 


(2+1) BTZ 


flat 


curved 


(2+1) BTZ (Chern-Simons) 


flat 


curved 


(2+1) BTZ (Log corrections) 


curved 


curved 



6 That is, the ideal gas has a flat Ruppeiner geometry despite the fact that its entropy does not obey (|40[) . In 
general the entropy function of the ideal gas is a homogeneous function of three parameters, S(U, V, N) and the 
Ruppeiner metric is a degenerate metric unless we keep one of the parameters constant. 

7 In Ref. [12] we use A (a cosmological constant) or I = y— 3/A as a thermodynamic variable of the theory in 
both the Ruppeiner and Weinhold metrics and obtain qualitatively distinct results. 



Table 2. Thermodynamic geometry in four-dimensional spacetime 



BH family 


Ruppeiner geometry 


Weinhold geometry 


Reissner-Nordstrom 


flat 


curved 


Reissner-Nordstrom AdS 


curved 


curved 


Kerr 


curved 


flat 


Kerr AdS 


curved 


curved 


Kerr-Newman 


curved 


curved 



Table 3. Thermodynamic geometry in higher-dimensional spacetime 



BH family 


Ruppeiner geometry 


Weinhold geometry 


Reissner-Nordstrom 


flat 


curved 


Kerr 


curved 


flat 


Double-spin Kerr (5D) 


curved 


curved 


Black ring (5D) 


curved 


flat 



4. Summary and Outlook 

The Ruppeiner theory is a geometrical theory of thermodynamics. It provides an alternative 
and elegant route to obtain insight into thermodynamics through Riemannian geometry. Its 
power is due to the fact that the Ruppeiner metric together with its associated curvature and 
signature encodes many aspects of thermodynamics consistent with the known results in the 
literature. 

Since the underlying statistical mechanics of BHs is still unsettled, the application of the 
Ruppeiner theory to BH thermodynamics then gives a new perspective on this subject. Although 
currently we have few results that are physically suggestive, the geometrical patterns we have 
observed (See Tables 1-3) may play an important role in the future, when quantum gravity is 
better understood. As a matter of fact, the Ruppeiner theory of BH thermodynamics can be 
applied to every class of BHs as long as their thermodynamic quantities are well-defined. The 
difficulty consists in finding reasonable interpretation(s) of the calculated Ruppeiner geometries. 
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